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Nonlinear Relations between QCD Sum Rules for

n2Y, nAA and 7AY Coupling Constants

Summary

New relations between QCD Borel sum rules for strong coupling constants are derived. It is
shown that starting from the sum rules for the coupling constants gypys, M = 70 7, it is
straightforward to obtain the corresponding sum rules for the g,ax, and g,aa ones. In the given
range of parameters the values of these couplings are obtained.

Pesome

ITonyuentr HOBEIE cooTHOWIEHUI Mexkny GopesneBckumu npaBwmiaMmu cyMMm B KXJII nig koHcTaHT
cunbHOl cBasu LV u A rumeponos. IlokaszaHo, 4TO, OTHPaBIAACH OT IPABWI CyMM IJIA g mEy,
M = 7%, 5, MOXXHO HemoCpeICTBEHHO MOJIyYNTh COOTBETCTBYIOININE TIPABMIIA CYMM I KOHCTAHT
grAS U gyaA - B 3amanHol objlacTn mapaMeTpOB BBEIUNCIIEHHI 3HAUEHNA 3TUX KOHCTAHT CBA3M.
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1 Introduction

QCD sum rules [?] has been used thourouphly for studying the properties of the low-lying
hadrons. Many attention has been paid to the analysis of the baryon magnetic moments
to begin with [?]-[?] in the framework of the Borel sum rules. Analysis of the meson-
baryon couplings in the framework of the QCD Borel sum rules are also of great interest
(see [?]-[?] as these couplings enter many physical problems.

Recently we have found nonlinear relations between QCD sum rules for X% and A hy-
perons constructed for such important characteristics as masses and magnetic moments
[?], [?]. These relations show that it is sufficient to construct a sum rule either for %°
hyperon or for A one and to get all other sum rules just by definite nonlinear transforma-
tion.

It is natural to put a question whether similar relations can be constructed for other
quantities such as pseudoscalar meson-baryon coupling constants. As we have noted in
[?] the problem has also a practical side as for example QCD sum rules in [?],[?],[?],][?]
were written for all # BB and nBB coupling constants but the #3XA and nAA ones.

We shall show here in what way one can construct QCD sum rules for the 7A¥ and
nAA couplings from those for 72% and n¥¥ couplings on example of the known QCD
sum rules derived in [?],[?]. Partly we have treated the problem in [?].

The paper is organized as follows. First we discuss relations between couplings of 7°
and n mesons to ¥ and A hyperons in the SU(3) and quark model. Then we formulate
relations between QQCD correlators for ¥ and A hyperons. In the next two sections we
apply it to find QCD sum rules for #AY and nAA starting from the sum rule for 7, n
coupling to X% hyperon. In the last section results of the numerical analysis are given and
discussed.

2 Relations between couplings of 7’ and n mesons
to ¥ and A hyperons in the SU(3)

We begin as in [?], [?] from a simple example. In the unitary model all the pseudoscalar
meson-baryon coupling constants can be expressed in terms of F' and D constants from
the known unitary symmetry Lagrangian [?]

L:DSpB{P,B}—I—FSpB[P,B]. (1)
where
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But for Y-like baryons the coupling constants for 7° and 5 mesons can be written in a
form similar to that found for the corresponding baryon magnetic moments in SU(3);

[71,[2]: /

1(B(qq', h) = (eq + eq)ur + en(pr — pp),
wherefrom usual unitary symmetry pattern for the magnetic moments of the ¥-like baryon
emerges:

plp) = u(S*) = pr + 5

3:u'D7
—_ _ 1
w(ET) = p(¥7) = —pr + Spp,
_ 2
p(n) = n(Z) = —zpo.
Namely, let us write coupling constants of 7% and 5 mesons related in the quark model to
currents 1
= E[ﬁ%u — dysd] (5)
and )
j" = 76[1175u + drysd — 2575]. (6)

with octet X-like baryons as B(qq, h)

IMB(ag.h)B(agh) = IMaa2F + grmnn(F — D), (7)
or, particle per particle:
1
GrOpp = gﬂ'ouu2F + gﬂ'odd(F - D) = §(F + D),
gﬂ'02+2+ — gﬂ'ouu2F —I_ gﬂ-OSS(F — .D) == \/§F’

1
gr0E050 = 9#0332F + gﬂ'ouu(F - -D) = \/;(F - D)7

and so on, where gro,, = —I—\/g, Jr0dd = —\/g and gpo,, = 0 can be just read off Eq.(?77?);

and

1
Gop = G2 F + gpaa(F — D) = \/%(3}7 — D);



2
Inztzt+ = gnuu2F ‘I’gnss(F - D) = \/;D,

1
gnEoE0 = g17332F —|—g17uu(F — D) = —\/%(317 + D),

and so on, where gy, = —I—\/g, Gndd = —I—\/g and g,ss = —\/g are read off the Eq.(?7).

Let us write now a formal relations for the 7°%°%° and nX°%° coupling constants:

grxoxo = gﬂ'ouuF + ng'OddF + gﬂ'OSS(F - -D) = 07 (8)
2
nxox0 = gnuuF + gnddF + gnSS(F - D) = §D7 (9)
and change (d < s) to form an auxiliary quantities
gﬂ-OEO EO - gﬂ'ouuF —|—g77033F —I_gﬂ'odd F -D \/7 (10)
1
gnzo 0 = gnuuF + gnssF + gndd F -D 6D7 (]‘]‘)
and (u > s) to form two more auxiliary quantities
1
gﬂ-OEO EO - gﬂ'oddF + gﬂ'OSSF + gﬂ'ouu F -D 2-D (12)
1
gnzo o, = gnddF‘I’gnssF ‘I’gnuu F D 6D (]‘3)
The following relations hold:
29,50 50 1 20,50 50— Gnmoso = 3gnaa- (14)
Gnsi 50, — Onsy, 58, = V30rzos- (15)

The origin of these relations lies in the structure of baryon wave functions in the NRQM
with isospin [ = 1,0 and I3 = 0:

2v/3|2°(ud, 8))1 = |2updys) + 2dyuys) — wpsydy, — spupdy — dysyuy — sydyuy),
2[A)y = |drsyuy + sydyuy — upsydy — spupdy),

where ¢t (q;) means wave function of the quark g (here ¢ = u,d, s) with the helicity +1/2
(-1/2). With the exchanges d <> s and u <> s one arrives at the corresponding U-spin
and V-spin quantities, so U = 1,0 and Us = 0 baryon wave functions are

—2|80, (us, d)) = [Z°(ud, 5)) + V3|A),
2|Aa) = —V3[Z°(ud, 5)) + [A),

while V =1,V3 =0 and V = 0 baryon wave functions are
—2|35,(ds, w)) = |Z°(ud, s)) — V3|A),
2|Aus) = V3| (ud, ) + |A).
It is easy to show that the relations given by the Eqs.(??, ??7) immeaditely follow.
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3 Relation between QCD correlators for ¥’ and A
hyperons

Now we show how similar considerations work for QCD sum rules on the example of QCD
Borel sum rules for pseudoscalar meson-baryon coupling constants.

The starting point would be two-point Green’s function for hyperons X° and A of the
baryon octet:

A = i/d‘*mim < O|T{T= M 2), JZA(0) Yy >, (16)
where isovector (with I3 = 0) and isocalar field operators could be chosen as [?]

0 1
— §€abc[(uaTCSb)’)’5dc . (daTCSb)"y,{,uc o

(0T Cyss”)d” + (4*T Cyss®)u’],
1

JA = ﬁ%bc[—ﬂuaTCdb)%sc + (0*TCsP)y5d + (4*TCs”)ysu® +

JE

2(u*TCy5dP)s® — (1T Crss®)d® — (d*T Cyss®)uc]. (17)

where a, b, ¢ are the color indices and w, d, s are quark wave functions, C' is charge conju-
gation matrix,

We show now that one can operate with with M = 7% 1 - couplings to ¥ hyperon and
obtain the results for the #AY and nAA couplings. The reasoning would be valid also for
charm and beaty Y-like and A-like baryons.

In order to arrive at the desired relations we write not only isospin quantities but also
U-spin and V-spin ones.

Let us introduce U-vector (with Us = 0) and U-scalar field operators just formally
changing (d <> s) in the Eq.(?7):

$0 1
JZas — §eabc[(uaTCdb)fy5sc — (saTCdb)fyg,uC —

(0T Cy5d®)s® + (s*T Cy5d®)u,

X 1
o e [(—2( O e (O +
(SaTCdb)’y5uc)
+2(u*T Cyss”)d® — (0T Crysd®)s® — (5T Cysd®)uc]. (18)

Similarly we introduce V-vector (with V3 = 0) and V-scalar field operators just changing
(w <> ) in the Eq.(?7?):

=0 1
TP = el (T Cnpad — (T Cu) s

(s*TCysu”)d 4 (d*T Cysu®)s?],
5 1

The = el (=205 O e + (57O ed” +

(daTcub)"}’,{,SC)
+2(s*TCysd®)u® — (s*TCysuP)d® — (d*TCyzuP)se]. (19)



Field operators of the Eq.(??) and Eq.(??) can be related through

—V/3Jhs = T L \/3TA
—2J% = —J% 4 V/3JA,
\/gjzius B D _I_\/§JA7
275 = J 4 /378 (20)

Upon using Eqs.(??-??) two-point functions of the Eq.(??) for hyperons X° and A of
the baryon octet can be related as

2% + II%%] — IT™" = 3II4, (21)
o[ITAe 4 [The] — T4 = 311", (22)
2% — %] = V/3[IT="A 4 T4, (23)
2[[MAe — TTAw] = — /3[4 4 IIA%"). (24)

Relations given by Eqs.(?7,77) enable us to write QCD sum rules for nAA coupling
starting from the one to X (et vice versa) while those given by Eqs.(?77,77) allow to write
QCD sum rules for the #XA- coupling.

4 Light cone sum rules for g,y and g,,, couplings

We apply Eqs.(?7-77) first to sum rules written for the pion and eta-coupling constants
to octet baryons within the framework of the Light-Cone QCD [?]. As it was shown in
[?] the corresponding LC QCD sum rules respected the unitary symmetry pattern. But
sum rules for 7XA- coupling and nAA coupling were not elaborated. Let us write them
now with the help of the Eqs.(??7-77).

We rewrite LC QCD SR’s (Eq.(40) from [?]) for the M = &, n coupling to the baryon

BB(qq,q), in a way to make clear unitary symmetry pattern:
1 —(m2 2
_\/;mB)‘?BgMBBG (ms M) = Imaall] (M?) = grmga I3 (M?). (25)

wherefrom Eqs.(40) of [?] follows:

_mNA?ngNNe_(m?V/MQ) = H}I(M2) + Hg(M2)7
—my A grzse "M = I} (M?),
—maMiggze MM = _TI7(M?). (26)
and so on, where II7 ,(M?) are given in [?] and are rather cumbersome.

For us it is important to note that II] corresponds exactly to 2F, while (II3) corre-
sponds exactly to (D — F') of the Eq.(?7).



Thus up to a renormalization factor and some obvious redefinitions relations Eq.(?7)
and Eq.(?7) are identical that is QCD sum rules shows explicit unitary symmetry pattern.
We can define gpsox0 as follows

1
_\/;mEO A0 g pmzowo e~ (a0 /M)

1
§[gMuuH’I(M2) + gMddH’I(M2)] - ngng(M2)' (27)

Following reasoning of the previous section and analogues of the Eq.(??, 77) we obtain

1
_3\/;mA)\12&gMAA6_(m%/M2) =

(gMuu + gMdd)(%Hi(Mﬂ — 2IT3(M?))

+gaea (211] (M?) + I3 (M*)) (28)

3
—\/;mAgo )\A)\EOQMAEO 6_(miEO/M2) =

(9ntun — gonaa) (I (M?) — 213 (M?)) (29)

My — §(mA + mzo) (30)

But in [?] LC QCD SR’s are flavour symmetric. So we search to investigate a more
complicated case where unitary symmetry of v.e.v. and quark masses is broken.

5 QCD Sum Rules for g;,5 and g,,x couplings

Recently Kim et al.[?]-[?] have elaborated QCD SR’s for the 7- and 5- coupling constants
to octet baryons taking into account corrections due to m, and (3s) so it would be ideal
for us to take it as a probe and an independent test of our reasoning.

We shall prove our relations on the example of QCD Borel sum rules obtained in [?]
( it corresponds in [?] to the choice of the Lorentz structure ivys; and the value of the
parameter ¢ = —1 which means the choice of Ioffe baryon current ).

It is convenient for us to rewrite the result of [?] in common way only for M = 7,y
coupling to X% hyperon as

1 _(m2 2
Emi/t)\%ogMgoEoe ( EO/M )[1 + A20M2] =

S 3fam
os 2 M4E <SS>
gassmpd M Bo@) 35 5 + o)
1

—gmssﬁM2(md<ﬂ“> + my(dd))(ss)

mi/t o

m@sﬂ -
1 _

_|_6f_Mmg[<§3>(mdng<ﬂu> + mugmaa(dd))

g%

—GMss

+ms (gMun + Gada) (Tu)(dd)]. (31)
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(The corresponding formulae for any ¥-like baryon (p(uu,d), n(dd,u), £ (uu, s) etc) can
be written from the Eq.(??) for the £° hyperon with appropriate changes of quark

indices.)

Now we are able to construct two auxiliary sum rules for g, 20 and gazo w0 upon

changes d <+ s and u > s in the Eq.(?7?). So,

1 —(ml, /M?)
ﬂmm)‘zo gmso zo e o [L4 Age M7=

A dd 3fs
gutaam M EO(:B)[12<7T2}M 4\];§A:2]
_gMddeMz(m3<ﬂu> + m.,(58))(dd)

M

miA— o

Tofag AN

+—Mm0[<6zd>( 89Muu<uu> + My Grss(S

g%
55))
55)].

—gmdd

(s
{

‘I'md(g./\/luu + g./\/tss)< >

LI (g M),

EmM)\%gngzgszgse 1 + AE?“, M2] =

u 3fam
wie 2 M4E <’U/lL>
IMuullipg O(w)[127r2fM 4\/%2]
1

—gMuuf—MM2(md<§s> + m,(dd))(@u)

Tt ({2 G?)
1

6f./\/t ——m (W) (Mg ass(38) + Msgada({dd))

+mu(gMss + Graa)(3s)(dd)].

Now we can construct sum rule for #AY¥ and nAA couplings.
(22,22,27) we get

3
\/;miA)\A)\EogMzer (m EOA/M )[ —|—A20AM2] =

5 4 g dd<Jd> — Muu{UU)
mMM EO(:B)[ = 127T2f.A.A: ]
—ﬁM%MW+W@WMWM

—(ma(3s) + m.(dd)) (@) g o]

m2 o

T [(dd) grtaa — (00) Grtun] (— - G?)
6f1./\/t mg[ms<Jd><ﬂu>(gMuu _ g./\/tdd)

— 1, (dd)(58) grmaa + Malu)(58) grtun)-

9

(32)

(33)

Upon using the Egs.

(34)



Finally for g,aa and grsa.

V3m2A2 guane” MM 4 A\ M?) =

() £ {dd) 1 (3) V3,
6m2f, 47?2

[(malta) + m(dd))(5s) + m.,(wu)(dd)]

m? -

—108’}n[<ﬂu> + (dd) + (3s)] < fg2 >

mg =

131, [—T(ma{tu) + m,(dd))(5s) + 2m,(Tu)(dd)]. (35)

1
§m127M4E0(:13)[
4 M?

3,

]

_|_

V3mMEA Ao gasae” M1 4 Agy M) =

2 o)A
1

—|-f—ﬂM2[(m3<ﬂu> + mo(3s))(dd) + (ma(3s) + m,(dd))(au)]

L) + () 22 G°)
1 2

—I—@mo[ms<c?d><ﬂu>2 + mu<Jd><§s> + mg(au)(ss)]. (36)

_|_

It is straightforward to show that starting from the Eq.(??) and applying Eq.(??) one
returns to the Eq.(?7).

6 Numerical analysis and discussion

In this section we analyze the sum rule for coupling constant g,sx obtained in the previous
section. Numerical results are given in the table 1,2 and in the Figs 1-3. We put our QCD
SR’s results for the baryon octet in the columns 'QCD’ and "Zero’ of the Table 2.

Asin [?] we use Ag = C' - M3, where Mp is the baryon mass, while C is a universal
constant and is derived from the known coupling constant ¢g,yy = 13.4.

The values of other input parametrs appearing in the sum rules are: f, = f, =
93MeV,  fz; = far = 0, m2 =0.8GeV? (2G?) = 0.33*GeV*?,  (au) = (dd) =
(qq) = —(0.23)>°GeV?,(3s) = 0.8(qq), S = —2.07, m, = 548MeV,m, = 140MeV
My = mg = dMeV.m, = 150MeV.

Note that we use gann = gr+np = 13.4, that is, g2y /47 = 14.3. It seems to us that
in [?] g«NN = gnopp = 13.4 was used which resulted in gp+,, = 13.4 - V2 = 18.95 and
g;‘;+np/47r = 28.6. We put all SU(3) results into the Table 1.

Table 2 shows the results of QCD SR’s calculations. It is seen that coupling constants
grxop and g zomo are too large. As the terms of the kind

—ngsfinM *(ma(tia) + ma(dd))(5s) (37)
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in the Eq. (??) give anomaly large contribution into these couplings resulting in huge
coupling constants (see 3th column of the Table 2), we put also the results with subtraction
of these terms (4th column of the Table 2). One can see that the values with subtraction
look more reasonable and let to us a hope that the higher contributions should cancel
anomaly.

The main result of our work is the derivation of new relations between (QCD Borel
sum rules for strong coupling constants. It is shown that starting from the sum rule for
the coupling constant gusy, M = 7,1, it 1s straightforward to obtain the corresponding
sum rules for the g.ax and g,aa couplings. The values of the constants obtained show
large symmetry breaking and can be hardly regarded literally for a moment. The overall
sum rule pattern shows characteristic symmetry structure and deserves further study.
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Table 1. In the 1st column there is SU(3) result given by [?]; in the 2nd column there
is our reproduction of this result with F/D=0.213 and g+,, = F + D =13.4 - V/2; in the
3rd column there is SU(3) result with F/D=0.213 and gr+,, = F + D = 13.4; in the 4th
column there is SU(3) result with F/D=2/3 and gr+,, = F' + D = 13.4;

[?] | Reproduction | Correct | Standart
F/D | ~0.2 0.213 0.213 2/3
Grpn 7 18.95 13.4 13.4
9rNN 13.4 —
R I 13.4 048 | 048
de | 2.3 2.30 163 | 3.8
grxn+ | 4.7 4.71 3.33 7.58
Gowtur | 12.8 12.76 9.02 6.56
S 8.6 6.15 1.90
Gnmozo | -10.5 -10.45 -7.39 -9.85
Gyzon0 - 12.76 9.02 6.56
GnAA - -12.76 -9.02 -6.56
Jrx0A - 12.76 9.02 6.56
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Table 2 In the 1th column there is QCD SR result obtained in [?]; in the 2th column
there is our QCD SR result obtained along [?] with gr+,, = F + D = 13.4 - 1/2 as input
and our results for 73X A and nAA; in the 3th column there is our QCD SR result obtained
along [?] but with g,+,, = F'+ D = 13.4 as input and our results for 7XA and nAA; in

the 4th column there is the same results as in the 3th one but without contiribution of
7?7 term.

Koncraura | [?] | This work | QCD | Zero
Grpp(input) | 13.4 13.4 9.48 9.48
Gom 1063 101 | 071 | -1.47
Gowisr | 141 | 1674 | 11.84 | 29.83
Gomior | 14 2.44 172 | 4.03
Gomm | 387 4777 | 338 | -2.81
gumm | 23 | 320 | 2.26 | -2.61
- 14 2.42 171 | 4.01
gUAA - —468 —331 —307
Jrson = 71.64 | -50.06 | -24.43
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